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1 Abstract

The diurnal variation of the albedo of the lake ice on sunny days in Wuliangsuhai Lake 
is bimodal. Basing the relationship of the local solar altitude angle with the latitude and 
longitude and the Julian calendar, we normalized the data to Beijing time to analyze the 
daily variation of the lake ice albedo. Four probability density distribution functions, the 
Laplace, the Gauss, the Gumbel, and the Cauchy, were applied to establish linear 
combination models of the daily variation of the lake ice albedo. The fitness of the diurnal 
variation in albedo during the period from sunrise to sunset with a solar altitude angle 
higher than 5º indicates that the Laplace combination is the best statistical model for density 
distribution. The simple model, Laplace combination, can not only simulate the bimodal 
variation of diurnal albedos with a solar altitude angle higher than 5º but also reflect the U-
shaped distribution of diurnal albedos with a solar altitude angle higher than 15º. The scale 
of the model is about half the length of the day, and the position of the two peaks is closely 
related to the moment of sunrise; it can reflect the asymmetry of the two albedo peaks.
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2 Objects

Facts
1) the Trios radiation sensor can obtain reliable radiation records by every 

minute from sunrise to sunset, from which the stable lake ice-albedo can be 
calculated. The variation of albedo from sunrise to sunset is a bimodal. That 
means a M-shape.

2) the albedo curve is still bimodal (M-shape) if the solar altitude angle is 
greater than 5º within the selected period. However, if the solar altitude angle is 
greater than 15º within the chosen period, a U-shape curve would be derived from 
the observation albedos data. 
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2 Objects

Past acheviments
1) for U-shaped changes, researchers believe that an exponential relationship 

exists between the albedo and the solar. they often separate the U-shape curve 
into two segments to analyze the relationship, respectively. Since exponential 
functions have no peak, thus, if there is no applicable range for the statistical 
formula, the calculated value of the moment close to sunrise and sunset would be 
higher than the actual.

2) some researchers use three power function to fit the peaks.  Many density 
distribution functions maintain exponential forms that have bilateral symmetrical 
or asymmetrical peaks, although they are cumbersome. 

3) it deserves to try to establish a universal expression by using these density 
distribution functions, which can not only retain the common exponential practice 
but also describe the peaks of albedo variation curves.
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3 Objects

We done
1) use the observation data in Wuliangsuhai Lake to describe the daily 

variation characteristics of the lake ice albedo.
2) compare the results with previous observations. 
3) suggest a density distribution function to establish a universal mathematical 

expression for the daily changes in lake ice albedo. Not only can it fit the diurnal 
variation of the bimodal albedo with a solar altitude angle higher than 5º, but also 
it can meet the U-shaped variety of albedo curve with the solar altitude angle 
higher than 15º.
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4 Observation locations

Wuliangsuhai Lake, located at 41ºN, 108ºE, is a multifunctional lake in the semi-arid 
area of northwest China. There is the National Observation and Research Station of 
Wuliangsuhai Wetland Ecosystem in Inner Mongolia. It is an area of about 300 km2 . The 
lake freezes every winter with an ice thickness of 60~70 cm. The ice surface is flat, with 
only a few ridges. 
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Experiment site in Wuliangsuhai lake (Base map on the left is a satellite imagery from Google map)



4 Observation locations

Snow occasionally exists on the ice surface during winters, and 
sometimes sand and dust will be carried to the ice or snow surface by the 
wind. The number of sunny days is more than the total number of cloudy 
and overcast days. On sunny days, sunshine lasts longer than 8 hours per 
day, but the maximum solar altitude is only around 35º.

The investigation lake ice-albedo carried out in the middle and eastern 
part of the lake from 16th Jan to 11th Feb 2019. The observation location 
is on an open-ice surface about 1 km away from the reeds on the shore. 
Visible bubbles exist in the ice, and there is no snow precipitation during 
the investigation.
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5 Observation methods

Two Trios hyperspectral radiation sensors 
were fixed at the height of 1 m from the ice 
surface, facing upward and downward. The area 
within a 20 m radius of the projection point of 
the downward sensor was with ice. The sensors 
recorded incident and reflection spectra once 
every minute, and the field observation work 
lasts 25 days.

The effective measurement wavelength of the 
radiation sensor is in the range of 320~950 nm, 
which can be divided with a step of 3.3 nm 
(±0.3 nm). 
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Figure 1. The Trios 
hyperspectral radiation sensors at 
the observation location on the ice 

surface of Wuliangsuhai



6 Construction of the mathematical-statistical models

Considering the small solar incident radiation and the influence of scattering, we 
set 5º as the threshold of the solar altitude angle for the sunrise of Wuliangsuhai Lake. 
Then we analyze the albedos basing on the observation data of sunny days with the 
solar altitude angle higher than 5º. The sunrise moment (solar altitude angle equal to 
0º) is set as point C, and sunset moment (solar altitude of 0º) is set to point D. The 
data within the two points are selected as the primary scale for the density distribution 
function. 

The actual scales of the two peaks, g1(D-C) and g2(D-C), are the products of the 
deformation coefficient (g1 and g2) and the scale, respectively. The moments 
corresponding to the peaks are set as the position parameter of the density distribution 
function (1 And 2). We select the commonly used density distribution functions, the 
Laplace, the Gaussian, the Gumbel, and the Cauchy, to form combined statistical 
models (formulas (1)~(4)). These four models were applied to the observation data of 
the lake ice and compared to determine the best statistical model.
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Gaussian combination：

Gumbel combination：

Cauchy combination:

a is the overall simulation coefficient, and the subscripts 1 and 2 represent the first peak and 
the second peak, respectively; t is the moment during one day, the unit is d; 1 and 2 are actual 
scale corresponding to the simulated first and second peaks, respectively. After introducing the 
scale parameter deformation coefficient:

Laplace Combination： (1)

(2)

(3)

(4)
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 1 1g D C  
2

1 1 1 1g L C M C N    

 2 2g D C  
2

2 2 2 2g L C M C N    
L, M, and N are the statistical coefficients. The subscripts 1 and 2 represent the first and 

second peaks, respectively. g1 and g2 are deformation coefficients of the scale of the two 
peaks, respectively. C and D are the moments with an altitude angle of 0º, corresponding to 
sunrise and sunset, respectively. They are calculated based on the local longitude and latitude 
and the Julian calendar. The period from D to C is the scale. 

Density 
distribution 

function

g1 g2

L1 M1 N1
Correlation 
coefficient

L2 M2 N2
Correlation 
coefficient

Laplace 
combination

-93.5890 56.9390 -8.0942 0.9988 -93.5890 56.9390 -8.0942 0.9988

Gaussian 
combination

-43.2540 26.5550 -3.7686 0.9989 -49.7890 30.6060 -4.3572 0.9985

Gumbel 
combination

-6.2447 3.9982 -0.5859 0.8894 -43.1990 26.1510 -3.7614 0.9991

Cauchy 
combination

-136.4300 82.6830 -11.8590 0.9994 -137.2500 82.2810 -11.9320 0.9996

Table 3 The correlation coefficients between the deformation coefficient 
of scale parameters and sunrise time

(5)
(6)
(7)
(8)
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We calculate the daily sunrise and sunset time, using the latitude and longitude of the
observation point. We also extract the time of the peaks of the daily albedo curve during the
observation period. It is found that the position parameters of the two peaks are also related to
the local sunrise time. It means that the position parameter is related to the geographical
location and the Julian calendar. The location parameters of Wuliangsuhai Lake can be
simulated into a linear relationship:

1 0.8973 0.0955C   

2 0.6237 0.9073C    

1 and 2 are the position parameters of the first and second peak, respectively; C is the 
time of sunrise.

(9)
(10)
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7 Simulation and results

Six statistical parameters are needed for the combined statistical model, four of which are 
related to the local latitude and longitude and the Julian calendar. Therefore, the simulation steps 
are: 

1) Apply the peak moment and sunrise time to equations (9) and (10) to obtain the position 
parameters of the two peaks, μ1 and μ2. 

2) Assigned μ1 and μ2 to one of the combined statistical models, that is, formula (1) to 
formula (4). The primary scale parameters σ1' and σ2', and the overall coefficients a1' and a2' can 
be obtained by using Origin software to perform a multi-parameter simulation. As the σ1' and 
σ2' after the Laplace combination is close, we applied the equal for the Laplace combination.

3) Applying σ1' and σ2' to equations (6) and (5) or formula (8) and formula (7) to get scale 
parameters σ1 and σ2.

4) The overall coefficients a1 and a2 can be gained by assigning μ1, μ2, σ1, and σ2 to the 
combined statistical model and performing multi-parameter simulation in Origin software.
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Figure 4 The simulation albedo curves of four combined statistical models 
29th Jan 2019 

(a) The variation curve of albedo simulated by 
the combined statistical models

(b) The comparison of the measured with 
simulated albedo after the combination models

The four combined statistical models were applied to fit the observed albedo with the solar 
altitude angle ≥5º on 29th Jan 2019 (Fig. 4a). The statistical relationship between the simulation 
albedo after the four models and the on-site observation albedo is given in Fig. 4b. 



(a) Laplace combination (b) Gaussian combination (c) Gumbel combination (d) Cauchy combination
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Figure 5 The results of the four combined statistical models vs. the measured values for 
the albedo within 12 sunny days from January to February 2019

Appling the combination to all the 6231 albedo values with solar altitude angle ≥ 5º on 
12 sunny days during the entire survey period, we can obtain the relationships between 
the simulation results of the four combined statistical models and the observation results 
(Figure 5). Laplace combination, with an error of less than 0.0108, is the best model.



Figure 6 Simulation curve of albedo derived from Laplace combination for 12 sunny days 
from January to February 2019 with solar altitude angle >5°
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The overall coefficients a1 and a2 (Table 6) of the Laplace model varies. These two 
coefficients determine the overall level of albedo. The difference between them shows that 
other secondary factors, in addition to solar radiation angle and cloud cover, would influence 
the diurnal changes of lake ice surface albedo. Theoretically, meteorological factors (cloud, 
temperature and ice physical factors (ice thickness, ice surface roughness, dust, and other dirt) 
are included in the Laplace combined statistical model. The overall coefficient a1 is in the 
range of 0.0709 and 0.1088, with an average of 0.0944 and a mean square error of 0.0071. 
The comprehensive coefficient a2 is in the range of 0.1232 and 0.1816, with an average of 
0.1397 and a mean square error of 0.0151.

Date
2019-
01-16

2019-
01-20

2019-
01-22

2019-
01-23

2019-01-
25

2019-
01-29

Correlation 
coefficient

0.9761 0.9840 0.9586 0.9847 0.9672 0.9896

Root mean 
square error

0.0115 0.0089 0.0155 0.0074 0.0103 0.0049

Absolute mean 
error

0.0094 0.0068 0.0098 0.0060 0.0083 0.0038

a1 0.1014 0.0938 0.0936 0.0949 0.0921 0.0903

a2 0.1458 0.1449 0.1472 0.1377 0.1338 0.1315

Table 6 Correlation coefficients, errors and comprehensive simulation coefficients a1 and a2
derived from the Laplace combination

2019-
01-31

2019-
02-01

2019-
02-03

2019-
02-04

2019-
02-08

2019-
02-11

0.9259 0.9713 0.9844 0.9159 0.9189 0.9420

0.0093 0.0084 0.0059 0.0075 0.0141 0.0101

0.0071 0.0060 0.0048 0.0052 0.0117 0.0074

0.0961 0.0942 0.0946 0.0779 0.1088 0.0956

0.1232 0.1342 0.1329 0.1816 0.1261 0.1373
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8 Conclusions 

1) The Trios hyperspectral radiation sensors collected radiation data once 
per minute. The high-precision radiation flux from sunrise to sunset was 
used to calculate the surface albedo. The diurnal variations of the albedo on 
the ice of Wuliangsu Lake have two peaks, which occurred after sunrise and 
before sunset, respectively. The two peaks are not equal and apparent 
asymmetry. The diurnal change of albedo in days with a few clouds retains 
the characteristics of double peaks, but with noise in the curve. The first 
peak occurred later than that on sunny days, while the second peak 
appeared earlier than that on sunny days. The albedo of cloudy days is low. 
Depending on the time of clouds appear, the albedo curve may lose the first 
peak or the second peak. The albedo of the overcast day remains stable.
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8 Conclusions 

2) The four combined statistical models of probability density 
distribution can all simulate the diurnal variation curve of albedo with 
bimodal characteristics and U-shaped between the two peaks. The peak 
position, basic scale, and deformation coefficient of the scale in the model 
are closely related to the local sunrise time. The result of the simulation, 
based on the measured albedo data of the solar altitude angle ≥ 5º, 
indicates that the model of Laplace combination can best fit the statistical 
parameters and with the lowest absolute error.
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8 Conclusions 

3) The difference between the simulated albedo derived from the 
Laplace combined statistical model, and the observed value is less than 
5%. Thus the Laplace combined statistical model can be a parameterized 
scheme for the lake ice albedo. From the perspective of the physical 
mechanism, however, the secondary influencing factors such as cloud, 
temperature, ice area and snow, the amount of ice surface dust, and the of 
the moisture ice surface in the early stage of icing and the late stage of ice 
melting are all included in the overall coefficients of the combined 
statistical model. More data in future surveys and research results are still 
needed for the quantitative work of those factors.
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Thank you very much!

lizhijun@dlut.edu.cn
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